Acoustic excitation of superharmonic capillary waves on a meniscus in a planar microgeometry
The effects of ultrasound on the dynamics of an air-water meniscus in a planar microgeometry are investigated experimentally. The sonicated meniscus exhibits harmonic traveling waves or standing waves, the latter corresponding to a higher ultrasound level. Standing capillary waves with subharmonic and superharmonic frequencies are also observed, and are explained in the framework of parametric resonance theory, using the Mathieu equation. © 2007 American Institute of Physics. ͓DOI: 10.1063/1.2790968͔
Instabilities at a liquid-gas interface appear in a wide range of physical systems, from large ocean waves to microscopic oscillations of a cavitating bubble.
1,2 For a linear and conservative system the response is harmonic; i.e., with the same frequency as the excitation frequency. 3 However, in 1831, Faraday observed 4 the subharmonic response of a liquid-gas interface excited by vertical oscillations: the response frequency was half that of the excitation. 5 Faraday waves are caused by the excitation of the gravity term of their eigenfrequency. 5 This phenomenon can be explained by a Mathieu equation, 4 and has been widely used to generate waves in large systems 2, 4, 6, 7 At smaller scale, gravity is negligible, and ultrasound is therefore more efficient for exciting waves. Using ultrasound, subharmonic responses have been observed [8] [9] [10] on millimeter-size bubbles, a phenomenon relevant for bubble sizing, 8 cavitation control, 9 and acoustic streaming. 10 Although the possibility of superharmonic response at a liquid-gas interface has been theoretically demonstrated, [11] [12] [13] [14] and superharmonic noise was recorded from a bubble cloud during a sonoluminescence study, no superharmonic wave at a liquid-gas interface has ever been directly observed. The occurrence of superharmonic waves was also qualified 13 as improbable because of the higher damping associated with higher frequencies. In our study, we excite, with ultrasound, a liquid-gas meniscus pinned at the junction between a microchannel and a chamber, in a microfluidic chip. We observe superharmonic oscillations at the meniscus, as well as harmonic and subharmonic oscillations. These phenomena are described and explained in the framework of parametric resonance theory.
A typical microfluidic chip used in our study is shown in Fig. 1͑a͒ : it involves a chamber ͑E͒ fed by a forklike network of four channels, i.e., A, B, C, and D, with respective widths of 400, 1000, 400, and 100 m. The height of each microchannel is 50 m. The microfluidic chip is manufactured in polydimethylsiloxane ͑PDMS͒ using the soft lithography process described in Ref. 15 . The PDMS chip is covered with a PDMS plate and sandwiched between two glass slides. This type of assembly ensures that every channel wall is made of PDMS, for the consistency of surface properties. A piezoelectric actuator is embedded in the PDMS cover plate on top of chamber E to generate pressure waves in water. A stable air-water interface is then generated at the junction of channel D and the chamber by filling the chamber with water and then injecting air in channel D. Note in Fig. 1͑b͒ that two microgeometrical features enhance the stability of the air-water interface. 16 The piezoelectric actuator is driven by a function generator ͑Agilent, 33120A͒ and by a voltage amplifier ͑Krohn-Hite, 7600 M͒, at frequencies up to 300 kHz. Visualization is performed with a long-distance microscope in the plane perpendicular to the microfluidic chip, with a spatial resolution of 1 m. A strobe microscopy technique is used for freezing the meniscus shape. 17 A frequency divider is used between the function generator and the strobe diode, so that the diode frequency can be set to either the actuator frequency or half of its value, allowing the observation of superharmonic and subharmonic oscillations corresponding to half-integer multiples of the excitation frequency. Deionized water is used in the experiments. The physical properties used in this study are described in Table  I . The surface tension, density, and viscosity are obtained from Ref. 18 . The contact angles are measured from the microscopy pictures.
In our experiments, the piezoelectric transducer induces pressure oscillations in the water with a frequency f e , which excite interfacial waves at a frequency f 1 . For relatively low excitation intensities and 100 kHzϽ f e Ͻ 170 kHz, we observed waves traveling on the meniscus surface at a frequency f 1 = f e . Figure 2 shows a sequence taken at f e = 150 kHz, with a delay of 2 s between each frame. Crests A and B are moving symmetrically towards the center of the channel, where they meet each other. This phenomenon occurs with the meniscus assuming either a curved shape ͑as in Fig. 2͒ or a flat shape ͑as in Fig. 5͒ . Assuming conservative uncertainties ⌬ of ±2 m for the wavelength, the observed wavelengths and oscillation frequencies are plotted in Fig. 3 . Since the wavelengths are small ͑Ӷ2 −1 , where −1 is the water-air capillary length, with 2 −1 typically on the order of a centimeter͒, gravity can be neglected in the theoretical analysis: very likely, these waves are capillary waves, caused by joint effect of inertia and surface tension.
In a two-dimensional ͑2D͒ case, neglecting dissipative effects, the relationship between the wavelength and the oscillation frequency f 0 is given by the dispersion equation
. This relation is plotted in Fig. 3 , for a water surface tension at the value of 40°C, corresponding to the measured water temperature, slightly heated by resistive dissipation in the piezoelectric transducer. The relatively good agreement in Fig. 3 between the experimental data and the 2D theory can be justified by the fact that the curvature in the observation plane ͑radius on the order of 10 m͒ is much larger than the curvature in the perpendicular plane ͑radius on the order of 80 m͒. It appears, therefore, that the proposed microchannel/chamber configuration provides a simplified 2D model platform to observe wave at liquid-gas surfaces, without the complexity of configurations such as oscillating three-dimensional ͑3D͒ bubbles in an unbounded fluid. 9, 20 Increasing the actuation intensity-while keeping the excitation frequency f e constant at 150 kHz-generates a standing wave, which is described by the successive frames in Fig. 4 . The standing wave has a larger amplitude ͑around 5 m͒ than the traveling wave ͑around 2 m; see Fig. 2͒ . In addition, in the case of Fig. 4 , the frequency of the standing wave f 1 =1/2f e is a subharmonic of the excitation frequency f e . This phenomenon is also observed for a flat meniscus ͑Fig. 5͒. Typical experimental conditions with the threshold voltage above which standing waves replace traveling waves are given in Table II . Traveling waves are always harmonic at the excitation frequency f e , while standing waves have a frequency f 1 that can be either subharmonic, harmonic, or superharmonic. For standing waves on a meniscus of length L fixed on two lateral walls, the allowable wavelengths are = L / ͑n +1͒, where L and n are, respectively, the channel width and a positive integer. 21 Figure 5 shows that the system spontaneously selects n =1.
The occurrence of subharmonic and superharmonic waves can be explained as the result of parametric oscillations. Let us express a standing wave as the superposition of two waves traveling in opposite directions: = a cos͑2x/ − t͒ + a cos͑2x/ + t͒ = 2a cos͑2x/͒cos͑t͒. ͑1͒
The resulting surface displacement therefore both obeys the wave equation and the oscillator equation, the latter being of the general form ͑neglecting damping͒ + 2 = 0. Figure 6 describes the wave and reference frame in two planes, the top one parallel to the chip surface and the bottom one perpendicular to it, with the x-z plane parallel to the chip surface.
Assuming the motion is only in the x-z plane and the flow is irrotational, the velocity potential can be found by solving the Laplace equation ٌ 2 = 0, with zero velocity boundary condition at infinity and a kinematic boundary condition on the meniscus:
In addition, a dynamic boundary condition arises from the Laplace pressure ⌬P = ͑1/R h +1/R w ͒ across the meniscus interface, where the curvature radii are calculated from the 3D meniscus shape shown in Fig. 6 :
In the above equation, z 0 is defined in the caption of Fig. 6 . For irrotational flow, the linearized Bernoulli equation ‫ץ‬ / ‫ץ‬t + p / = 0 is applicable and can be combined with the Laplace boundary condition to give a third boundary condi-
͑6͒
Solving ٌ 2 = 0 with boundary conditions ͑2͒, ͑3͒, and ͑6͒ and assuming z 0 = 0 gives a modified dispersion equation between the wavelength and frequency f:
͑7͒
Inserting Eq. ͑7͒ into + 2 = 0, we obtain
͑8͒
It is reasonable to assume that the chamber height h is deforming with the piezoelectric deformation, with a small amplitude ⌬h at the excitation frequency f e . In that case, we can write h = h 0 + ⌬h cos͑ e t͒ in Eq. ͑8͒. Neglecting second-order terms, we obtain
which is a Mathieu equation 22 representing a parametrically excited oscillator. Although this equation cannot be solved analytically, the boundaries between stable and unstable solutions can be analytically determined using the formulas in Ref. 22 and are shown in Fig. 7 . Figure 7 shows, for a case in which damping is negligible, the zones of stability and instability, the latter being shown by thin lines that correspond to the bottom of Mathieu tongues. States in the instability zones correspond to the possibility of standing waves, as shown in Ref. 11. In the above derivation, the natural oscillation pulsation 0 of our system was identified as the pulsation 1 of the harmonic standing wave observed in Table II , which corresponds to the f 1 = 75 kHz case. The displacement ⌬h of the microchannel height is measured as the piezoelectric trans- ducer deformation using atomic force microscopy, to be on the order of 200 nm. In Fig. 7 , we have reported groups of experimental data wherein the transition from traveling to standing waves is observed during the process of slowly increasing the excitation frequency. The experimental points are gathered around the bottom of the three instability zones, with groups of frequency ratios corresponding to the ones predicted by the Mathieu equation. In Fig. 7 , all the measured points close to the first-order zone have f 1 / f e =1/2 ͑subharmonic response͒, while the points close to the second-and third-order zones have f 1 / f e equal, respectively, to 1 ͑harmonic͒ and 3 / 2 ͑superharmonic͒, as predicted theoretically. 13, 22 Figure 7 shows points close to the tongue boundaries, but not inside the tongues as was predicted by the derivation above. This can possibly be explained by nonidealities in the experimental setup, as follows. The natural pulsation 0 of our experimental system might experience slight variations over the duration of our study because ͑a͒ the system is made of a rubberlike material that deforms easily, ͑b͒ the actuator is heating the system, and ͑c͒ the shape and position of the meniscus and wetting angle vary slightly between each measurement. However, all the points in Fig. 7 are plotted assuming a unique natural pulsation 0 , as stated above. In other words, it is highly possible that an experiment done in a more controlled geometry would produce experimental points that fall exactly inside the Mathieu tongues and fully satisfy our theory. In Fig. 7 , the points corresponding to higher-order standing waves are higher on the vertical scale, which might be due to high order nonlinear damping. For instance, it has been shown 23 that adding viscous damping to the Mathieu treatment pulls the Mathieu tongues upwards. In any case, the general trend revealed by our experiments in Fig. 7 is that instability states of order higher than 1 / 2 are more difficult to produce than the 1 / 2-order instability state. This might explain why subharmonic oscillations are easier to observe at a liquid-gas interface.
In summary, the response of a water-air meniscus to ultrasonic excitation has been studied. When the excitation is weak, traveling waves are found. When the excitation becomes stronger, standing waves appear at the meniscus interface. The ratio of the wave frequencies over the excitation frequencies assumes half integer values such as 1 / 2, 1, and 3 / 2, a phenomenon explained by the Mathieu equation.
